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Identiﬁcation
Friction
ConﬁnementThe interface behaviour between steel and a quasi-brittle aggregate material is characterised up to nor-
mal pressures of the magnitude of 100 MPa. This article presents a new test enabling the behaviour of the
interface to be studied whilst retaining the sample’s integrity. The experimental conﬁguration having
been retained consists in sliding a cylindrical sample of the material inside a steel tube, said tube acting
both as a sliding surface and containment ring. The sample is pushed on one side and faces a spring on the
other. The axial compression generates the interface pressure by Poisson effect. This originality of this
assembly lies in the simultaneous application of normal pressure to the interface and of its relative
motion. The assembly is placed in a quasi-static testing machine. The analysis is made by means of an
analytical modelling of the test. This method enables the identiﬁcation of the initial contact conditions
(tightening of the sample), the friction coefﬁcient and its dependence on the pressure. Numerical simu-
lations of the test using a ﬁnite element method enables the analytical approach to be validated as well as
the set of parameters identiﬁed depending on the normal pressure regimes.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Certain dynamic tests enable the reactivity of compressed
explosives (PBX) subjected to shocks to be tested. These are
namely: the drop-weight test (Field et al., 1982), the Steven-test
(Gruau et al., 2008; Vandersall et al., 2002) and the Taylor shock
test. The place and time of the priming of the chemical reaction
particularly depend on the conditions of contact with the wall
(Dickson et al., 2005; Hoffman and Chandler, 2004; Picart et al.,
2009). A numerical simulation of one variant of the Taylor test
forms a simple illustration of the inﬂuence of the friction condi-
tions upon ignition. This test consists in projecting a sample of
explosive (cylindrical sample with a diameter and a height of
18 mm) against a steel wall assumed to be pressure-resistant.
The thermomechanical characteristics of PBX are given in Picart
and Bouton (2010). Fig. 1 shows the inﬂuence of the friction coef-
ﬁcient f on the maximal temperature reached by the sample during
the impact. A very signiﬁcant difference of around 200 K is ob-
tained between the two cases.
During an impact at these velocities, the normal contact pres-
sures and the sliding velocities between steel and explosive are
respectively of around 100 MPa and 10 to 100 m/s. Our aim isto recreate these velocity and pressure conditions, but in a conﬁg-
uration enabling the friction to be measured. Certain test benches
partially fulﬁl this aim: tribometer with explosively-generated
friction (Kim et al., 2009), target-projectile assembly with oblique
impact (Rajagopalan et al., 1999), torsional Hopkinson bars
(Huang and Feng, 2006, 2007; Rajagopalan et al., 1999; Rajagopa-
lan and Prakash, 2001), dynamometrical ring with parallelepipe-
dic sample launched by a gas cannon or by a hydraulic machine
(Philippon et al., 2004) and possibly pin on rotating disk (Dickson
et al., 2005).
For the sake of safety, the experiments are developed using an
inert material, denoted I1. This material is namely a ﬁne com-
pressed powder (mixture of barium meal BaSO4 – 29.3% wt, of
melanime – 65.2% wt – and a binder – 5.5% wt – made of an epoxy
resin). Its mechanical behaviour closely resembles that of an explo-
sive. This behaviour has previously been studied by carrying out
triaxial compression tests (Bailly et al., 2011). Under compressive
loading with sufﬁciently high magnitude of the hydrostatic pres-
sure (which is different from a purely hydrostatic loading), the
material is able to ﬂow when its plasticity threshold has been at-
tained (here the maximal constraints obtained using triaxial tests
are assimilated to a plasticity threshold in order to simplify the
behaviour model). The plasticity threshold thus identiﬁed is of
the Drucker–Prager type (Bailly et al., 2011). That is r, P and rmises
respectively the stress tensor, the hydrostatic pressure and the Von
Mises equivalent stress:
Fig. 1. Numerical simulation of the heating of an explosive projected at 100 m/s
against a rigid wall. Temperature in Kelvin 30 ls after impact when the friction
coefﬁcient f is 0.0 and 0.5.
Fig. 2. Diagram of the device placed in a testing machine. The sample is 20 mm in
diameter and 40 mm in height. The external diameter of the tube is of 34 mm. The
radial clearance between the steel plugs and the steel conﬁnement tube is roughly
equal to 102 mm.
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where tr is the trace operator and I the identity tensor. The criterion
is thus given by the following formula:
rmises  aP < C ð2Þ
where the stress C depends on the strain rate. It equals 25 MPa at low
strain rates and exceeds 80 MPa at those strain rates attained during
compression tests on Hopkinson bars (typically 100 s1). The coefﬁ-
cient a is constant and equal to 0.64. In the event of uniaxial com-
pressive loading, the criterion corresponds to a maximal acceptable
stress of around 30 MPa for low strain rates and around 100 MPa
for strain rates reached on Hopkinson bars (Bailly et al., 2011).
One way of subjecting the interface to high pressures without
fracturing the sample is to conﬁne it. For this, a cylindrical sample
of I1 is encased in a quasi-rigid tube. This technique is employed to
perform compression tests with quasi-uniaxial strain states (Bailly
et al., 2011; Forquin et al., 2007, 2009). Friction between the tube
interface and the sample is here perceived as a drawback and has
been studied in Azhdar et al. (2006), Burlion et al. (2001), Tien et al.
(2007). Since the mechanical behaviour of the tube is known, the
strain measurements made by means of gauges glued to the exter-
nal face enable the stresses on the interface to be measured. The
idea retained is to slide the cylindrical sample into the tube, which
acts as both a sliding surface and a conﬁning vessel (given the Pois-
son effect of the sample). This principle has already been tested
with a hollow sample, through whose length a tightening screw
(Durand et al., 2011a) passes. Despite the advantages of this prin-
ciple, this ﬁrst device does not allow the sample to be subjected to
high pressures. The device being studied in this article allows us to
overcome this drawback and to reach pressures of 100 MPa at the
interface. Our study here is limited to the cases of low relative
velocities between the bearing faces.
The detailed description of the experimental conﬁguration and
the limits linked to the internal sliding are presented in Section 2. A
model enabling the identiﬁcation of the friction parameters based
on the measurements is described in Section 3. The experimental
results on the test examples using an inert material are then
presented and analysed in Section 4. Finally, Section 5 focuses on
validating the analysis method.2. The experimental layout
2.1. The experimental device
The device proposed has been designed to reach high pressure
levels. Before the test, the cylindrical sample is conﬁned in a steel
tube (c.f. Fig. 2). It is pushed from top to bottom by a mechanical
machine. The movement of its base is countered by a spring assem-
bly (of the Belleville type). The stiffness of the spring allows the va-
lue of the counter-pressure to be controlled. The originality of this
assembly lies in that the normal pressure (by Poisson effect on the
sample) and the sliding are imposed simultaneously. This allows
the full pressure range to be covered, with the pressure gradually
increasing along with the displacement. The inner wall of the steel
tube was reamed and the sample was turned on a sliding lathe.
Both have a weak surface roughness.
Fig. 3 is a photograph of the device. For practical reasons, the
conﬁnement tube and the tube enclosing the spring may be
screwed together. The parts belonging to such fastening system
are neither shown nor modelled in the simulations by the ﬁnite
element method mentioned in Section 5.
The values of forces Fm and Fr are measured during the tests (c.f.
Fig. 4). Fm is the force exerted by the machine on the sample. It is
given directly by the machine’s force sensor. Fr is the force exerted
by the aluminium rod on the sample. It is determined by the
gauges glued to the rod.
Gauges are also glued to the external face of the conﬁnement
tube so as to measure the axial proﬁle of the circumferential strain
(c.f. Figs. 2 and 3).2.2. Sliding without fracture
A prior study of the competition between internal sliding (Wie-
gand et al., 2011) and interfacial sliding is required to ensure the
feasibility of this test. Indeed, further to a fracture, internal sliding
of the sample may well be obtained in addition to the sliding at the
Fig. 3. Photograph of the device placed in a testing machine.
Fig. 5. Evolution of plim as a function of f for different values of m.
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sion of material between the tube and the upper piston.
A sliding state (i) described by Coulomb’s law between the I1
sample and the tube and a quasi-uniaxial strain state (ii) are con-
sidered. The sample is assumed to remain in the elastic domain. On
the interface, the stress tensor is of the following form:
r ¼
p 0 fp
0 p 0
fp 0 1mm p
0
B@
1
CA
r;h;z
ð3Þ
p being the interface pressure (positive compressive stresses), m the
Poisson coefﬁcient of the material and f the friction coefﬁcient at
the interface. The expressions of the hydrostatic pressure P and
the Von Mises stress rmises are deduced as follows:
P ¼ 1þm3m p
rmises ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12m
m
 2 þ 3f 2q
8<
: ð4Þ
The Eq. (2) must be satisﬁed if the sample is not to be fractured.
The limit friction coefﬁcient may thus be deﬁned as:Fig. 4. Deﬁnition of the forces on the assembly.flim ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3m2
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If f < flim, the condition (2) is respected whatever the value of p.
For f > flim, the condition (2) is respected if p < plim with plim the lim-
it pressure is deﬁned by:plim ¼
Cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12m
m
 2 þ 3f 2q  a 1þm3m
ð6Þplim depends on m and a, but a minor variation of mmay have a great
inﬂuence. Experimentally, the Poisson coefﬁcient of the I1 is some-
where around 0.4. Fig. 5 shows how this limit pressure varies as a
function of m and f. It is essential for the Poisson coefﬁcient value
m to be known with suitable accuracy. It also shows that with a
low Poisson coefﬁcient value (0.38), pressures approaching
100 MPa can be hoped for.Fig. 6. Deﬁnition of the mechanical problem.
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100 MPa will not be reached without fracturing the material. Nat-
urally, in all cases, the samples must be checked a posteriori for
any fractures.
3. Modelling of the test
3.1. The mechanical problem
The interface behaviour cannot be deduced by direct mea-
surements. Indeed, a prior analysis of the test shows that the
stress state at the interface is heterogeneous. A model must thus
be established enabling this data to be acquired on the basis of
measurements of Fm and Fr (c.f. Fig. 6). For this, it is ﬁrstly
necessary for the mechanical state of the sample to be
determined.
Given that there is axial symmetry, the null components of the
stress tensor r(r,z) are those indicated in relation (3). The corre-
sponding strains are also null. The displacement is axisymmetrical,
the radial (oriented by ur) and longitudinal (oriented by uz) com-
ponents depend on r and z.
The sample is forced into the tube by using the testing machine.
Because of the difference in diameters uri, the sample is subjected
to pre-tightening linked to the radial displacement. If urtube(r = R,z)
represents the radial displacement withstood by the tube at r = R,
then we obtain:
urðr ¼ R; zÞ ¼ utuber ðr ¼ R; zÞ  uri ð7Þ
That is p(z) and s(z) the normal and tangential stresses at the
interface (at r = R): p(z) = rrr(r = R,z) and s(z) = rrz(r = R,z). Conven-
tionally, these are positive in compression.
Assuming that the friction at the interface is in accordance with
Coulomb’s law: the ratio of s by p is equal to a coefﬁcient f whose
value is supposed to be little dependent on p. However, the pres-
sure range covered during the experiments is far-reaching and pos-
sible dependence of the friction coefﬁcient f at pressure p must be
envisaged (Ben-Dor et al., 2007). The retained hypothesis is that a
small variation of f as a function of p may be approached by an af-
ﬁne function:
sðzÞ ¼ f ðpðzÞÞ  pðzÞ with f ðpÞ ¼ f0ð1 bpÞ ð8Þ
Forces Fm and Fr are expressed in terms of boundary conditions
(at z = 0 and at z = L):
Fr ¼ 2p
Z R
0
rrzzðr; z ¼ 0Þdr ð9Þ
Fm ¼ 2p
Z R
0
rrzzðr; z ¼ LÞdr ð10Þ
Given the tube’s thickness and the gap between the rigidities of
the materials in contact, the conﬁnement tube is very rigid com-
pared with the sample. In this case, no coupling between the
behaviours of the two solids is considered and the presence of
the tube may be modelled by a boundary condition of the imposed
displacement type. According to (7):
utuber ðr ¼ R; zÞ ¼ 0) urðr ¼ R; zÞ ¼ uri ð11Þ
In the event of there being no excess thickness in the assembly
and when the friction coefﬁcient is not dependent upon the pres-
sure, a two-dimensional approximate solution may be established
uri ¼ 0) urðr ¼ R; zÞ ¼ 0 ð12Þ
Assuming the sample is in an elastic state, the equilibrium
equations, Hooke’s law and the axial symmetry hypothesis are
combined to produce the Navier equations:2ð1 mÞðr2ur;rr þ rur;r  urÞ þ r2uz;rz þ r2ð1 2mÞur;zz ¼ 0 ð13Þ
2ð1 mÞruz;zz þ ur;z þ rur;rz þ ð1 2mÞðuz;r þ ruz;rrÞ ¼ 0 ð14Þ
The friction law imposes at r = R:
2f ðrð1 mÞur;r þ mur þ rmuz;zÞ þ rð1 2mÞður;z þ uz;rÞ ¼ 0 ð15Þ
Since the sample is conﬁned, the radial displacement and its
variations are very low with respect to the other terms and a ﬁrst
order approximation consists in leaving out certain terms to even-
tually obtain the following relations:
2ð1 mÞur;rr þ uz;rz ¼ 0 ð16Þ
2ð1 mÞruz;zz þ ð1 2mÞðuz;r þ ruz;rrÞ ¼ 0 ð17Þ
2mfuz;z þ ð1 2mÞuz;r ¼ 0 at r ¼ R ð18Þ
A solution is sought after in the following form:
urðr; zÞ ¼ gðrÞwðzÞ
uzðr; zÞ ¼ f ðrÞuðzÞ þ u0

ð19Þ
In the event of f being low, the above hypothesis is veriﬁed (c.f.
Appendix A), and the following solution may be found:
ur ¼ mfuð0ÞRð1mÞ2 exp
2mfz
Rð1mÞ
 	
r
R
R R
0 J0ðcqÞdq
R r
0 J0ðcqÞdq
h i
uz ¼ uð0Þ exp 2mfzRð1mÞ
 	
J0ðcrÞ þ u0
8><
>: ð20Þ
where J0 is the zero order Bessel function of the ﬁrst kind and c is
deﬁned by:
c ¼ 2mf
R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ð1 mÞð1 2mÞ
s
ð21Þ
The radial proﬁle of the axial displacement uz(r) is, in fact, im-
posed by the relation (19). The real boundary conditions at z = 0
and at z = L may therefore not be respected exactly. The form of
this solution nevertheless enables the two-dimensional effects to
be taken into account.
By combining the relations (20) with Hooke’s law and with the
boundary conditions (9) and (10), we obtain:
Fr
Fm
¼ exp  2mfL
Rð1 mÞ

 
ð22Þ
This equation demonstrates that it is possible to evaluate f from
the measurements of Fm and Fr when the geometry of the problem
and the Poisson coefﬁcient of the sample are known. The form of
the stresses at the interface may also be obtained (c.f. Appendix A):
pðzÞ ¼ Fmmð1mÞpR2 exp
2mf ðzLÞ
Rð1mÞ
 	
sðzÞ ¼ fFmmð1mÞpR2 exp
2mf ðzLÞ
Rð1mÞ
 	
8><
>: ð23Þ
This conﬁrms the heterogeneity of the interface stresses men-
tioned above.
3.2. An approximate solution adapted to the test
The idea is now to simplify the model to obtain a solution that
takes into account the effect of the initial excess of thickness of the
sample and the dependency of the friction on the normal pressure.
The approach used is similar to that of Janssen (Janssen, 1895).
It is based on two hypotheses: (i) the tube is assumed to be per-
fectly rigid and (ii) the axial, radial and circumferential stresses
and strains do not depend on r. This enables the problem to be ap-
proached by a one-dimensional incremental analysis, which is eas-
ier to perform.
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equilibrium Eq. (14) needs to be taken into account. We set:
rzz(r,z) = r(z) and rrr(r, z) = p(z). The equilibrium equation is thus:
@½rrrzðr; zÞ
@r
þ r drðzÞ
dz
¼ 0 ð24Þ
By integrating (24) from r = 0 to r = R, we obtain:
sðzÞ ¼ R
2
drðzÞ
dz
and rrzðr; zÞ ¼  rR sðzÞ ð25Þ
The components err and ehh are positive in compression and as-
sumed to be independent of r. Their values are:
err ¼ ehh ¼ uriR ð26Þ
By applying Hooke’s law, we then obtain:
Euri
R
¼ ð1 mÞpðzÞ  mrðzÞ ð27Þ
where E is the Young’s modulus of the sample. It is equal to 2 GPa.
The relations (9) and (10) become:
Fr ¼ pR2rðz ¼ 0Þ ð28Þ
Fm ¼ pR2rðz ¼ LÞ ð29Þ
Because of the pre-tightening, a non-null force Fm is required to
make the assembly slide, even if Fr is null. This force is written as
Fm0. It is expressed as a function of the other parameters in the fol-
lowing form:
Fm0 ¼
exp 2f 0mLRð1mÞ
 	
 1
h i
pEuri
m R Eurib1m
 	
1þ EuribRð1mÞ exp 2f 0mLRð1mÞ
 	
 1
h i ð30Þ
Let QF and the constants QF0 and QF;Fr be deﬁned as:
QF ¼ FrFmFm0
QF0 ¼ exp  2f 0mLRð1mÞ
 	h i
1þ EuribRð1mÞ exp 2f 0mLRð1mÞ
 	
 1
h in o2
QF;Fr ¼
bm 1expð 2f0mLRð1mÞÞ
h i
1þ EuribRð1mÞ exp
2f0mL
Rð1mÞ
 	
1
h in o
ð1mÞpR2
8>>><
>>>>:
ð31Þ
By combining the equilibrium equation, the laws of friction,
Hooke’s law and the boundary conditions, we obtain the following
afﬁne relation between QF and Fr:
QF ¼ QF0 þ QF;Fr  Fr ð32Þ
By adding the boundary conditions, we ﬁnally obtain (22). This
shows that the radial independence hypothesis with respect to theFig. 7. Comparison of the evolutions of Fr as a function of Fm during the two tests.axial, radial and circumferential stresses and strains has no
incidence on the simultaneous evolutions of Fm and Fr and thus
no incidence on the processing method.
The evolutions of Fm and Fr obtained during the tests have en-
abled three unknowns f0, b and uri to be identiﬁed. Only f0 and b
are really of interest since these are the parameters which control
the behaviour of the interface. However, it is important for uri to be
known thereafter in order to be able to accurately simulate the
test.
Lastly, the normal and tangential stresses at the interface are
determined using the following formulae:
pðzÞ ¼
exp 2f 0mðzLÞRð1mÞ
 	
b exp 2f 0mðzLÞRð1mÞ
 	
 1
h i
þ ð1mÞpR2pREuriþmFm
sðzÞ ¼
f0
ð1mÞpR2
pREuriþmFm  b
h i
exp 2f 0mðzLÞRð1mÞ
 	
b½exp 2f 0mðzLÞRð1mÞ
 	
 1 þ ð1mÞpR2pREuriþmFm
h i2
8>>>>><
>>>>:
ð33Þ
Similarly, when the boundary conditions are introduced into
the expression of the interface stresses, equality (23) is obtained.4. Experimental results
4.1. Performed tests
Two types of tests were performed, during one of which the
strains along the tube were measured by the eight circumferential
gauges (c.f. Figs. 2 and 3). For practical reasons, this test was per-
formed at low pressure. The other test was performed up to a high
pressure of 100 MPa. Hereafter, the ﬁrst test will be termed ‘‘lower
pressure test’’ and the second ‘‘higher pressure test’’. The sample is
merely pushed on the spring by the testing machine (c.f. Fig. 2) as
the measurements are taken. Thus, the normal pressure (by Pois-
son effect on the sample) and the sliding are imposed simulta-
neously thanks to the spring stiffness (c.f. Section 2.1). Both tests
were carried out with the same tube and the same sample.
The measurements allow the values of the forces Fm and Fr to be
accessed during loading. The raw results for both tests are pre-
sented in Fig. 7. I1 properties do not vary a lot from a sample to an-
other and friction tests are therefore reproducible. These data are
then typical of measurements on other samples.
The idea is to analytically link (using relations (30)–(32)) the
friction parameters and other unknowns to magnitudes identiﬁ-
able from the evolution of the two forces. This, ﬁrstly, enables
the coherence of the analytical model to be veriﬁed.Fig. 8. Experimental evolution of QF as a function of Fr for the lower pressure test
(blue). Result of the ﬁnite element simulation (red) detailed in Section 5. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)
Fig. 10. Friction law identiﬁed using the higher pressure test (pressure range
between 5 and 140 MPa).
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relative uncertainty DFmFm and from Fr relative uncertainty
DFr
Fr
by
introducing uri = 0 and b = 0 in relations (30)–(32), which leads to:
Df
f
¼
DFr
Fr
þ DFmFm
ln FrFm
 	  ð34Þ
According to Fig. 7, the FrFm ratio is around 0.4 for both tests. Fm is
measured by the testing machine sensors (accuracy approx. 1 N)
and Fr is deduced from strain gauges (c.f. Section 2.1). As the ma-
chine sensors are very accurate DFmFm can be neglected in (34),
Df
f is
therefore of the order of DFrFr i.e. around 1%.
4.2. Analysis of the lower pressure test
Given that Fm0 = 2.81 kN is obtained by the linear extrapolation
of the blue curve in Fig. 7, the evolution of QF is drawn as a function
of Fr (c.f. Fig. 8).
The QF ratio seems constant and independent of Fr. It can thus
be assimilated to its mean value: QF = 0.41. Eliminating the depen-
dency of this ratio to Fr comes down to equating b = 0 in (31) and
(32), which become:
f0 ¼ Rð1 mÞ2mL lnðQFÞ ð35Þ
(30) can thus be written as:
uri ¼ mFm0QFpREð1 QFÞ
ð36Þ
There are still two parameters remaining to be identiﬁed: uri
and f0. Since the other parameters are known, identiﬁcation is
made using the measured values of QF and Fm0. We deduce from
(35) and (36) that uri = 0.0124 mm and f0 = 0.167.
4.3. Analysis of the higher pressure test
For this test, the ﬁrst measuring point corresponds to Fm0 and
gives Fm0 = 900 N. The experimental evolution of QF may thus be
drawn as a function of Fr (c.f. Fig. 9).
The relations (30)–(32) enable the identiﬁcation of the parame-
ters f0, b and uri based on the experimental values of the slope QF;Fr
and the intercept QF0 of the linear regression line and on the exper-
imental value of Fm0. Since the system is difﬁcult to be solved, an
approximation is added: the initial force Fm0 being relatively low
with respect to the values attained by the forces Fm and Fr, uri isFig. 9. Experimental evolution of QF as a function of Fr for the higher pressure test
(blue). Result of the numerical simulation detailed in Section 5 (red). (For
interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)neglected with respect to the other terms in (31). The following
equations are thus obtained:
f0 ¼ Rð1 mÞ2mL lnðQF0Þ ð37Þ
b ¼ ð1 mÞpR
2QF;Fr
mð1 QF0Þ
ð38Þ
A linear regression leads to QF0 = 0.339 and QF;Fr = 0.00223 kN
1.
Since the other parameters are known, f0 = 0.203 and
b = 0.00159 MPa1 can be deduced.
In relation (30), the second order terms at uri are neglected and
by taking relation (37) into account, we obtain:
uri ¼ mFm0QF0pREð1 QF0Þ
ð39Þ
gives uri ¼ 0:00294 mm: ð40Þ
The system of relations (33) and the numerical simulations (c.f.
Section 5.1) enable the contact pressures to be estimated at the
interface, whereas these are not able to be measured. It is thus pos-
sible to account for the pressure ranges covered during this test
(c.f. Fig. 10).
The friction coefﬁcients identiﬁed during the two tests are not
quite equal. At a pressure of 30 MPa, the ﬁrst test gives a coefﬁcient
of 0.17 and the second one a coefﬁcient of 0.19. The interface con-
ditions change over time (polishing of the sample, smoothing of
any asperities of the steel, etc.) since these tests are performed suc-
cessively with the same tube and the same sample, the assembly
being simply put back into position after each test. The lower pres-
sure test being performed after the higher pressure test, the reduc-
tion in friction between the two tests can be explained by the
changing interface conditions. Moreover, the sliding rates imposed
during the lower pressure test are of a magnitude of a mm/h
whereas they are of a magnitude of a mm/min for the high pres-
sure test. This change may also have an effect.
The value of the friction coefﬁcient reduces when the contact
pressure increases, as suggested by certain authors (Ben-Dor
et al., 2007). For the example shown here, this value goes from
0.2 at very low contact pressure to 0.16 at contact pressure of
140 MPa.
5. Simulations and discussion
The tests were numerically simulated to validate the analysis
and the friction parameters thus identiﬁed.
Modelling was performed using the ﬁnite element method. The
software used was ABAQUS CAE/Standard (implicit). The
Fig. 12. Value of the radial pressure p in MPa for the higher pressure test.
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Quadrangular elements with quadratic interpolation were used.
All the normal contacts were deﬁned by ‘‘hard contact’’ ‘‘direct
contact’’ (no interpenetration), separation being allowed (no bond-
ing). The tangential contact between the conﬁnement tube and the
sample obeys a Coulomb’s law (the coefﬁcient being an afﬁne func-
tion of the pressure) imposed using the method of Lagrange multi-
pliers. The other tangential contacts are without friction.
The mechanical properties selected for the steel and the alu-
minium were respectively a Young’s modulus of 210 GPa and a
Poisson coefﬁcient of 0.33, and a Young’s modulus of 74 GPa and
a Poisson coefﬁcient of 0.3. The sample behaviour is assumed to
be perfectly elastic with a 2 GPa Young’s modulus (c.f. Section 3.2)
and a 0.4 Poisson coefﬁcient (c.f. Section 2.2). This assumption will
be checked in Section 5.4.
The ﬁnite elements are squares of 1 mm in length. There are
therefore 10 elements in the radius of the sample.
5.1. Validity of the analysis method
The test was simulated with the parameters determined during
the analysis. Numerical simulation enables the evolutions of Fm
and Fr (and thus of QF) to be obtained as well as the interface stress
proﬁles (which is to say p(z) and s(z)). Thereafter, the results were
compared with those obtained experimentally.
For the lower pressure test, loading was simulated with Fm ris-
ing up to FmMAX = 17 kN (which is equal to the maximal Fm experi-
mentally reached). The parameters identiﬁed from the model allow
the ﬁnite element evolution of QF as a function of Fr to be very close
to the experimental one (c.f. Fig. 8). The friction parameter identi-
ﬁcation technique is thus validated. Fig. 11 shows that our ap-
proach cannot be used to predict boundary effects, but this has
no incidence on the identiﬁcation of the friction parameters.
For the higher pressure test, loading was simulated with Fm ris-
ing up to FmMAX = 75 kN (which is equal to the maximal Fm experi-
mentally reached). The conclusions regarding the numerical
simulation of the higher pressure test are exactly the same as pre-
viously (c.f. Figs. 9 and 11).
Fig. 12 displays (for the higher pressure test) that the radial
pressure ﬁeld is homogenous in the radial direction everywhere
in the sample but near the top and bottom boundaries.
Despite its imperfections, the model enables the simultaneous
evolutions of the magnitudes QF and Fr to be accurately obtained,
and this for both tests. QF and Fm0 are both calculated with
f0 = 0.167, b = 0 and uri = 0.0124 mm using relations (30)–(32),Fig. 11. Comparison of the analytical and numerical proﬁles of pressure p(z) for
both tests when the force is maximal (Fm = FmMAX).using the simulation of the lower pressure test and using an
additional simulation considering a rigid tube. The results (c.f.
Table 1) show that the slight deviations between the model
and the simulations are actually due to the ﬂexibility of the tube
which is not taken into account in the model. Indeed, the rela-
tive deviations between the model and the simulation are higher
than those between the model and the simulation considering a
rigid tube.
The numerical simulations enable the validity of the analysis,
and thus the validity of the friction parameters thereby deﬁned,
to be ensured.
5.2. Consistency of superabundant measurements
During a test, the circumferential strain proﬁle along the tube
ehh(z) was measured at several steps during the loading, that is to
say at several values of the force Fm. A discrete experimental proﬁle
was obtained and compared with the numerically obtained proﬁle
so as to verify their consistency. Fig. 13 shows the position and
width of each of the gauges as well as their measurements.
With the exception of the values obtained at z = L, a satisfactory
correspondence is to be noted between the experimental and
numerical axial proﬁles (c.f. Fig. 13).
The higher pressure test was performed at a higher loading rate.
For practical reasons, only the strain of the gauge glued at z = 0.5L
was measured (c.f. Fig. 14).Table 1
QF0 and Fm0 calculated with f0 = 0.167, b = 0 and uri = 0.0124 mm and relative
deviations between analytical relations and simulations.
Relations
(30)–(32)
Simulation
(rigid tube)
Simulation
QF (relative deviation) 0.410 0.408 (0.49%) 0.421 (2.7%)
Fm0 (relative deviation) 2.80 kN 2.83 kN (1.1%) 2.68 kN (4.3%)
Fig. 13. Comparison of the experimental and numerical proﬁles of ehh(z) for two
values of Fm during the lower pressure test.
Fig. 15. Comparison of the experimental and numerical evolutions of ehh(z = 0.5L) as
a function of Fm for the higher pressure test.
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served between the simulated strains and the measured ones,
thereby providing an additional guarantee with regard to the con-
sistency of the method (see Fig. 15).5.3. Inﬂuence of the friction at the top and bottom boundaries
The interface conditions at the top and bottom boundaries (lo-
cated at z = 0 and at z = L) may have an inﬂuence on the behaviour
of the sample, in particular during the tests on the Hopkinson bars
(Hartley et al., 2007; Li et al., 2009; Walley et al., 1997). It is thus
necessary to ensure that these effects remain negligible with the
selected conﬁguration (slender sample with radial conﬁnement).
For this, the numerical results obtained for two extreme cases
were compared. The results presented in Sections 5.1 and 5.2 were
obtained by modelling the contacts at the top and bottom bound-
aries without friction (the friction coefﬁcient being assumed to be
null). The simulations were performed again but with changed
boundary conditions: instead of imposing a null friction stress at
the boundaries, contacts with null relative displacement were im-
posed (friction coefﬁcient being assumed to be inﬁnite).
We observed that the friction coefﬁcient value at the top and
bottom boundaries has no inﬂuence (relative deviation of less than
2%) on the evolution of QF as a function of Fr, and thus no inﬂuence
on the parameters identiﬁed during the analysis.Fig. 14. Comparison of the experimental and numerical evolutions of ehh(z = 0.5L) as
a function of Fm for the lower pressure test.5.4. Veriﬁcation of the elasticity hypothesis
The sample was visually examined after the tests and no frac-
ture has occurred. However, a visual examination does not enable
to reveal plastic deformations. The elasticity hypothesis of the
sample had therefore to be veriﬁed to ensure the consistency of
the analysis. The criterion (rmises  aP) was calculated in the sam-
ple during the numerical simulations and this after the loading
when the forces were maximal. Thereafter, the fulﬁlment of the
condition (rmises  aP) < C (where a = 0.64 and C = 25 MPa) is
veriﬁed.
The numerical results obtained for the two extreme cases at the
boundaries (null friction coefﬁcient, inﬁnite friction coefﬁcient)
were compared. These calculations were performed only for the
higher pressure test for which the stresses are the highest.Fig. 16. Value of the criterion (rmises  aP) in MPa after the loading for the higher
pressure test and in the hypothesis of a null friction coefﬁcient at the top and
bottom boundaries.
Fig. 17. Value of criterion (rmises  aP) in MPa after the loading for the higher
pressure test and in the hypothesis of an inﬁnite friction coefﬁcient at the top and
bottom boundaries.
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therefore within the elastic domain (c.f. Fig. 16).
The simulations were performed once again but by imposing an
inﬁnite friction coefﬁcient at the top and bottom boundaries. Load-
ing was also simulated with Fm rising up to FmMAX = 75 kN.
The value of the criterion was at most 5.1 MPa; this remains
therefore within the elastic domain (c.f. Fig. 17).
The values attained by the criterion (rmises  aP) depend on the
contact conditions at the boundaries. In the two envisaged extreme
cases, we observed that the elastic limit C was never attained. Our
analysis, which uses an elastic solution, is therefore valid. Signiﬁ-
cantly, the criterion (rmises  aP) is only positive in very localised
areas.
The sample is forced into the tube by using the testing machine.
Numerical simulations of this insertion display that (2) remains
satisﬁed for the lower and the higher pressure test. As a result,
no plastic deformations take place during insertion.Fig. 18. Evolution of the relative error err as a function of the friction coefﬁcient f.6. Conclusion
This article presents a new experimental test for friction be-
tween steel and a brittle material. A technique from the compact-
ing of granular materials is used so as to maintain the integrity of
the brittle material under high interface pressures.
The analysis, performed analytically and numerically, enables
the friction parameters to be obtained and shows that pressures
of around 100 MPa are reached. The simulations also show that
the sample does not fracture under the load to which it is sub-
jected. The developed assembly thus enables pressures with higher
magnitudes than in Dickson et al. (2005), Hoffman and Chandler
(2004) to be attained without any deterioration of the material.
The sliding rates imposed at the interface are of an order of magni-
tude of a mm/min (higher pressure test) and a mm/h (lower pres-
sure test). The measured friction coefﬁcient is of around 0.2. The
device enables the variation of this coefﬁcient to be quantiﬁed
when the contact pressure increases.
The device enables something to be made to slide under high
contact pressure, and the method has been validated. Test cam-
paigns may be undertaken on inert or reactive materials. The dis-
persion aspect of the parameters identiﬁed may be understood.
One alternative to the analysis technique would be the used of
an inverse method. The feasibility of such a method is shown in
Durand et al. (2011b).
The next stage of the study is to mount the experimental device
on a system of Hopkinson bars so as to reach sliding rates of an or-
der of magnitude of 10 m/s.
Appendix A
By using the form of uz deﬁned in relation (19), relation (18)
produces the solution:
uðzÞ ¼ uð0Þ exp  f
0ðRÞð1 2mÞ
f ðRÞ2mf z

 
ðA1Þ
And then, relation (17) becomes:
f 0ðrÞ þ rf 00ðrÞ
rf ðrÞ ¼ 
ð1 mÞð1 2mÞ
2m2f 2
f 0ðRÞ
f ðRÞ
 2
ðA2Þ
If we set:
c ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 mÞð1 2mÞ
2
r
f 0ðRÞ
f ðRÞmf ðA3Þ
The form of f(r) is deduced from (A2) and this gives:
uzðr; zÞ ¼ uð0Þ exp c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2m
2ð1 mÞ
s
 z
 !
J0ðcrÞ þ u0 ðA4Þ
where J0 is the zero order Bessel function of the ﬁrst kind.
The relation (16) enables ur(r, z) to be determined in the form
deﬁned by (19). Taking (12) into account, we then obtain:
wðzÞ ¼ cuð0Þ
2ð1 mÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2m
2ð1 mÞ
s
exp c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2m
2ð1 mÞ
s
 z
 !
ðA5Þ
gðrÞ ¼ r
R
Z R
0
J0ðcqÞdq
Z r
0
J0ðcqÞdq ðA6Þ
The Eq. (A3) enables the value of c to be determined. To solve
this equation, a hypothesis is ﬁrst posed, then veriﬁed a posteri-
ori: the terms at (cR)n where nP 3 are assumed to be negligible
and the Bessel functions at cR and at cr can be assimilated to
their limited development of the second order. In this case we
obtain:
B. Durand et al. / International Journal of Solids and Structures 50 (2013) 4108–4117 4117f 0ðRÞ
f ðRÞ ¼
cJ1ðcRÞ
J0ðcRÞ
¼  c
2
ðcRÞ þ oððcRÞ2Þ   c
2R
2
ðA7Þ
where J1 is the ﬁrst order Bessel function of the ﬁrst kind.
The Eq. (A3) is thus easily solved, and we obtain:
cR ¼ 2mf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ð1 mÞð1 2mÞ
s
ðA8Þ
To ensure the consistency of the approach, the accuracy of the
approximation (A7) must be evaluated. For this, we must calculate
the relative error err committed as a function of the value of the
friction coefﬁcient f
err ¼
cJ1ðcRÞ
J0ðcRÞ
 	
  c2R2
 	
cJ1ðcRÞ
J0ðcRÞ
 	 ðA9Þ
By substituting the expression given by (A8), we obtain:
err ¼
J1
J0
2mf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ð1mÞð12mÞ
q 	
 mf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ð1mÞð12mÞ
q
J1
J0
2mf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ð1mÞð12mÞ
q 	 ðA10Þ
According to Fig. 18, the approximation (A7) remains valid for
the usual values of the friction coefﬁcient f.
The formulae (23) are determined on the basis of Hooke’s law,
neglecting ur and ur,r and applying the approximation (A7).
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